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The corresponding problems for a halt plane (p;—@¢;=m, y;=7,) and a
strip (cases a) and b)) have been solved in previous researches by G. W.
VerLTRAMP and by H. A. LAUWERIER (1953). The former has also deter-
mined the nature of the singularity of any solution of the present problem
in the vertex =0 of 4 in the abovementioned hydrodynamic cases.

It will sometimes be found useful to introduce complex coordinates
in A4:

def def

(1.4) 2 = ré?=x+i1y Z=re ¥=x-—1Y

and the abbreviation
(1.5) 03-?-.{(;)2-—-(;91.

We are especially interested in the solutions of (1.2), (1.3) which are
regular, i.e. with continuous first and second partial derivatives in the
closed angle 4 with the exception of a single point zy,=r,e! in the open
angle A in which

(1.6) f= —(27) In |2 —z,| + O(L).

Summary. In § 2 it is shown that any regular solution f(r, ¢) of (1.1)
can be represented as an integral transform of a harmonic function
U(n, ). This result, in a slightly different form, is due to A. S. PETERS,
who used it successfully for the problem of a sloping beach 3). This
harmonic function has the form U;(n+19)+ Uy(—n+1i@), where U, and
U, are sectionally holomorphic functions of their arguments, holomorphic
in strips parallel to the real axis. In § 3 the boundary conditions are
inserted. A special solution of (1.1) is obtained with U,({)= U,({)=¢({),
where ¢({) 1s meromorphic in the whole plane. For y,>7v, this solution
is regular in 4; for y, <y, it has a singularity at the vertex r=0.

The function ¢(0)=d¢((; v, Vo) may be written as a product of the
form e(l—1gy; vo)e(l—tpy; —v,). A general class of functions of which
e(z, ¥) 1s a speclalization, is considered in § 6.

Representations in the form of an infinite integral and an infinite
product are given and an asymptotic expression is derived. A general
solution of (1.1) is obtained by putting U,({)=d¢(L)FPr(L) (k=1, k=2),
where P,({) 1s a sectionally holomorphic function and periodic with
period 2:6. In § 4 the case of a single logarithmic singularity (1.6) is
considered without taking any boundary conditions into account. It is
shown that this implies the functions U,({) to be holomorphic in the
strip ¢; <Im {<¢, with the exception of a single line Im {=¢, where
U,(l) and Uy({) make prescribed jumps. In § 5 the results of § 3 and
S 4 are combined. An explicit expression in the form of a double integral
is obtained for a solution f(r, ) with a logarithmic singularity (74, @)-

For y, <y, this solution is unique. For v, >y, a solution of the homo-
geneous problem may be added to the particular solution. The particular

°) Cf. also J. J. STorkER, Water waves, p. 95 et seq.
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solution derived in § 5 has been adjusted to the supplementary condition
of vanishing at the vertex r=0.

It this function of Green is denoted by GQ(r, @, 7y, @y, 11, ¥») We have
the symmetry relation

G(r, @, 7o @os V1> Vo) = G(ry, Po> s @ — V1 — Va)-

§ 2. An wntegral tramsformation

Let again A be {(r, @)|o; < ¢ < @,, r=0} with 0<6<2x4), A its interior,
S a finite point set in 4. Let further f(r, ) be a complex valued function,

continuous together with its (onesided) derivatives of first order in A — S,
and such that for some « >0, c¢>0 uniformly in ¢

(2.1) [(r, @) = 0(r—1=°) for r = oo, @, =@ = @,
and
(2.2) f(r, @) = O(|re® —ryei®|—1+%) for rei® — r e e S.

Then the Fourier transform

0

(2.3) F(s, ¢) = (2n)~" [ e f(r, p)dr

- 0

18 holomorphic for Ims>0, ¢, <p=¢, continuous for Ims=0 and
tending to zero for Re s — 4 oo, Im s=0. The inversion of (2.3)

(2.4) f(r,9) = [ e~ F(s,p)ds

holds for all 7¢? € 4 —8.

Now, let f(r, ¢) be €, in 4 -8 and satisfy the differential equation
(A —1)f=0, the condition (2.2) and for some c¢>2

(2.5) %—ﬁ = O(r~17°) for r > 00, @; = @ = @,

whence (2.1). Putting

(2.6) U(n, @) e cosh n - #(sinh 7, @)
so that (2.4) becomes
(2.7) f(r,) = | e""*22n U(n, @) dn,

then U(n, @) is a harmonic function in B—S;, where

def
B={n,¢)|eg. = ¢ = @, —00<n<oo},
and

S, = {0, @) |Hy5ore™® €8}

4) The condition 6 < 27 could also be omitted if the solution 1s required to be
unique with respect to (7, ¢) only, not to (x, ¥), 1.e. if 4 is an angle on a Riemann
surface over the (z, y) plane having a branch point in * = y = 0.
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The proof is as follows. For (1, ¢) € B—8,;, and s=sinh# we have

12U RU . NF  WF|
.5_73..3:_.{- 593 — cosh W{F—}—«_)) sinh ?7%“—1‘— cosh ] 352 + btpa}

32
- (27) ! cosh 7 j girsinh [{ 1 + 3¢r sinh n — 2 cosh? 0} f(7, @) + 3 / ] dr =

o ki
ol

L : d\2
= (2x)~ ! cosh J' eirsinh [{l + 34r sinh 7 — r2 sinh? 9} f(r, @) — (7'3;) f] dr

0
------ = (2m)~! cosh n[e‘“‘mh” {( r + 472 sinh 7) f — 72 b: }] = 0

because ot (2.5).
Consequently, putting
(2.8) C = +ig,

U(n, ) can be represented by means of two sectionally holomorphic
functions U, and U, of { and —¢ respectively which are holomorphic

in each connected part of B —35;. Thus
(2.9) U, 9) = Uy(8) + Uy(—€) = Ur(n+19) + Us(—n +19).

Since the integral (2.4) vanishes for r<05), U,({) has no poles for

0<Im#n<az and U,(— ) none for —m<Im#zn<O.
If, on the other hand, U is harmonic for ¢; =@ =¢@,, and it (2.7) holds

for r>0 then f satisfies (A —1)f=0.
The proof is as follows

(A—1)f = — [ e~irsinhn [sinh*"“r] U—}-;sinhn U+ 12 ff-{- U] dn =
== W}}E[e““’n‘”’( U +1r cosh 9 U):I = ()

if U coshy=o0(1), whence dU/dnp=0(1).

If, however, more generally, U(cosh #n)° is bounded for some positive
constant ¢ as 7 — 4+ oo then (2.7) still may represent a solution of
(A—1)f=0 it the path of integration is shifted downwards over an
arbitrarily small distance £. In that case U should be harmonic in a
somewhat larger region ¢, —e<@p<g@,+e&. Depending on the exact value
of ¢ the vertex r=0 may become a singular point.

Hence we have proved

Theorem 1. If, for ¢ < p=<¢,, r=0 with the possible exception of a
finite set S, the function f(r,p) € C, satisfies the equation of Helmholtz
(A —1)/=0 with the conditions (2.2) and (2.5), then it admits for 0 <r < oo,

P =P =@, a representation of the form

(2.10) [(ri) = [ e {U,(n+ip) + Uy —n +ig)} dn,

VIR

°) The point (r, ) has to be distinghuished from (—r, ¢ + n).
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where U,({), Uy(—C) are sectionally holomorphic functions of their
arguments for ¢; =< Im { =< ¢, which are holomorphic in any strip which does
not contain a line ¢=g, where ¢, is the argument of a singular point € S.
In particular U; and U, may be chosen in such a way that the right-hand
side of (2.10) vanishes for » <z 0. If, on the other hand, (2.10) holds for » > 0,
Pp1=@ =@, With U(n, p)=o0(e ) for 1 — + oo, ¢, =@=¢g, where U(n, ¢)=
=Uy(n + 1) + Us(—n+1¢), then f(r, @) satisfies (A —1)f=0 for ¢, <@ < @,.
The latter result holds also if the integral (2.10) is taken along a path
in the complex n-plane passing from Re = — oo to Re n= 4 co such that
Im sinh 7 <0 and U(y, ¢)=0(e’) as Ren — + oco.

§ 3. Boundary conditions

We now consider a function f(r, @) satisfying the homogeneous differ-

ential equation (A —1)f=0 and the boundary conditions (1.3) and subject
to the conditions of Theorem 1.

Inserting the boundary conditions into (2.10) we obtain for k=1, 2
o0
(3.1) [ e~ {cosh(n —iy,) Uy(n +ig) — cosh(n +iy,) Ug( —n + i@y} dn = 0.

This holds primarily for > 0. If, however, U, and U, are chosen such
that the right-hand side of (2.10) vanishes for » <0 or represents Cf(|r|, ¢)
where C is an arbitrary constant, (we call this ‘“‘condition ¥’’), then
(3.1) holds also for <0, hence

(3.2) cosh (17 —1yy) Uy(n + 1) — cosh (n+2yy) Up(—n +1¢) = O
for all real 7. On the other hand (3.2) always entails (3.1).

Theorem 2. Under the conditions of theorem 1 the relations (3.2)
are sufficient, and under condition V' also necessary, in order that the

boundary conditions (1.3) be fulfilled.

In order to solve the functional relations (3.2) we first determine a
special solution with

(3.3) Ui(0) = Uy(Z) = ¢({)

which is holomorphic in the whole strip ¢, =< Im {=g,.
If we put

(3.4) Bo) = BB g () = $y(0), do(—0) = hull)
then both ¢,({) have to satisfy an equation of the form
(3.5) cosh ({—1yy) dp(L —10) = cosh (£ +1yz) Pu(S +20).

In § 6 we shall obtain, as a specialisation of a more general class of
functions, an analytic function e((, v) satisfying for a given constant 0

the functional equation

(3 6) e( 8 -+10,y) _ cosh ()
' e(f —10,9) cosh ({ —2y)
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and such that
(3.7) e(—C,y)=e(l,y), e, —y)={el,y)™

This function has the following properties.
For all z and y we have, assuming 6 >0, a representation as an infinite

product

22 22 -1
(3.8) e(z,y) = 11 {1+m} ll"‘m}

m,n

where m, n run through the odd positive integers.
For |Im z| <6+ 37 —|y| we have

o0

1 —costz sinh i
(3.9) In e(z,7) = % | —— sunersmbzm O
— 00

The asymptotic behaviour for |Re z| — oo is as follows
(3.10) In e(z,y) = ?-)5 In cosh z+0(1).

Substitution shows at once that

(3.11) H(L) £E e(&— i@y, —yy) e(E — iy, a)

is a solution of (3.2) and (3.3). To this we may add as a factor a periodic
function of period 2i0 which is symmetric with respect to i¢;, and wp,.
Thus the following general solution is obtained

(3.12) ™ (L) = {cosh 701(L — i)} H(£)

where m 1s a positive integer.
According to (3.10) ¢({) has the asymptotic behaviour

(3.13) In ({) = —67(y; —»,) In cosh £+ 0(1).

We shall now suppose that —3insy,.=3dn(k=1,2).
Substitution of (3.12) into (2.10) gives

(3.14)  f(rg) = [ RGN0+ i)+ (—n+ i)} diy.

For m=0 this represents a solution of the homogeneous problem,
regular in A with the possible exception of the vertex »=0. In view of
(3.13) only for y,>y, m=0 a regular solution is obtained which for
r = 0 has a finite limit.

It now f(r,p) satisfies (A —1)f=0 with the exception of a finite set S
then the functions U; and U, are no longer holomorphic in the whole
strip ¢, =Im { < ¢@,. The solution of (3.2) is now obtained by introducing
the sectionally holomorphic functions -

(8.15) Py0) E Un(D/do(0) k=1, 2.
According to (3.2), (3.5) these functions must satisfy the conditions
Py(C+1py) = Py(— C-+igy)

3.16
( ) Py (T +1,) = Py(— +1,)
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for Im {=0. Defining P;({), Py({) outside the strips adjacent to the
boundaries by analytic continuation, the functional equations (3.16) hold
also for complex (.

Hence we obtain by elimination of P,

1 similar] Po(— § +10) = Py(— ¢ —10)
and similarly
Py(¢ +10) = Py({—10)

i.e. P; and P, must be periodic with period 2:6.
Because of (3.16), (3.15) becomes

Ui(8) = ¢o(C) P1(8) = ¢o(L) Py — &+ 2iqy)
Ua(8) = ¢o(C) Py(L) = (L) Py(— £+ 2igp,).

Hence we have proved

(3.17)

Theorem 3. Under the conditions of theorem 1 the boundary
conditions (1.3) are satisfied if sectionally holomorphic functions P,(¢),
P,({) exist, periodic with period 2:60 such that the equalities (3.17) hold.
Under condition V, moreover, the boundary conditions (1.3) imply the
existence of P,({) and P,(l).

§ 4. A logarithmic singularity

We now specialize to the case that S consists of one point zy,=7r,¢'% € 4
only, and that f(r, ¢) has a logarithmic singularity (1.8) in z,.

The fundamental solution of (1.1) having this singularity and regular
in the whole plane except 2, is given by the Bessel function (27)"1K,(|z — z,|).
According to 1ts Laplace representation we have

(4.1) Ko(o) = 3 | emecshtdu.

The path of integration along the real axis of the complex t-plane may
be shifted within the strip |Im ¢| < 4n. In particular with t=w—arg(z—z,)
we have

(4.2) Ko(|lz—2]) = 3 | exp —3{(z—2) e "+ (2—2,) e*} dw.
From this we may derive
(4.3) Ko(|z2 —24|) = & [ e~¥sishn exp {4r, sinh (n +1|p —¢,|)} dn.

Under the assumptions made f(7, ¢) — (27) "1Ky(|z2 —2,|) must be regular
everywhere in A.

According to (2.10) U,({) and U,(l) are holomorphic in the strip
1< Im (<@, and g, < Im {<g, and jump at Im (=g, The magnitude
of these jumps is determined by the standard solution (27)1K,(|z—z,|).
This remains true if (2z)~1K,(|z—7,|) is replaced by any solution of (1.1)
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differing from it by a function everywhere regular in 4 °). In particular
we may choose (277)"1Ky(|z—2o|) £ (271) 72K (]2 + zo|) Which leads to simpler
formulae in the next section.
From (4.3) we may derive

o0

(44) @) Kylz—z)) = ] e (V) + Vo — £} dn
where
\ 0 for ¢, = Im ¢ < ¢,
Vi) = { (47)~ ! exp @7, sinh ({ —1,) for ¢, <Im { = @,
and
V) \ (47)~! exp —ur, sinh (£ —1ip,) for ¢, = 1lm § < ¢,
7o(C) =

( 0 for ¢, <1lm { < @,.

Hence we obtain for &€ 0O

\ Ul{'?] +’&((po ....,.}_ 8)} — U1{77 -}—-2,(990 — 8)} > (471;)--1 e'in,sinl’m

4.5 : : : o
(%:5) ( Uﬁa{"i + 1(@q ‘1‘5)} — Ua{"? + (o — 8)} — — (4mg) "1 et

Hence we have proved

Theorem 4. If f(r, @) satishies the conditions of theorem 1, and if
f(r, @) — (27) 1K (|z—2,|) is bounded in A, then the functions U,(¢) and
Uy({) of (2.10) are holomorphic in the strips ¢, < Im { < ¢, and @, << Im £ < ¢,
and jump at Im (=g, according to (4.5). If on the other hand two such
functions exist which are o(e) for Re  — &+ oo, ¢, < Im {=¢g,, then
f(r, @) — (27)"1Ky(|z —2,|) is bounded for r=0, ¢, < ¢ < ..

v T

%)  This remark is due to H. A. LAUWERIER.
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SOLUTIONS OF THE EQUATION OF HELMHOLTZ IN AN
ANGLE WITH VANISHING DIRECTIONAIL DERIVATIVES
ALONG EACH SIDE. 1II

BY

D. VAN DANTZIG

(Communicated at the meeting of May 3 1. 1958)

§ 5. Boundary conditions and logarithmic singularity

We now combine the results of § 3 and § 4. In order that the boundary
conditions (1.3) be satisfied, U; and U, must be expressible in the form
(3.18) by means of sectionally holomorphic functions Py({) and P,(J)
which are periodic with period 2:0. In order that f(r, ) shall have the
required singularity, U; and U, must make prescribed jumps at Im {=¢,
according to (4.5).

Because of (3.17) this means for P,({) and P,({) for ¢\ 0

ei‘?'n sinh 7]

(5.1) Py{n + iy + €)} — Py{n +i(py — &)} — g5r—
and

| | g —insinhy
(5.2) Py{n +i(po+2)} — Pofn + (o — &)} — goarr7m

According to PLEMELJ 7) the sectionally holomorphic function

L [0 g,

27t ) t—2z
— 00

makes a jump f(z) at the real axis. Consequently the function
1 00
o f f(t) coth o (t —2) dt

makes jumps f(n) at Im z=2mbi, Re z=7», where m is an integer. More-
over this function has the periodicity 26:. It is profitable to take ¢@,=0
and ¢,=0. Then P;({) may assume the following form

1 gire8inh e — e Sinh ¢ }
2

def di
(6.3) Py(6) = yg5 J‘ m{m ~ tanh }n0-1(t + ¢ +ip,)

valid for »,<<y,.

‘) Also cf. MuskHELISHVILI. Singular Integral Equations, p. 42.



eoth a1 (§—C) +

i—2) + 229 ooth 3n0-Y(s— F),

¢($)
Thiﬂ g also be written In the form
\f(w) ( n [ de 28
o ¢ (5)
(5.8) - X
) ‘ain (rsinh g +resinhi)  sin (rsinh 9 --ry sinh £) }
\ {  tanh §n6~1(s +{) tanh 470—1(s8 — () '

o0 o
{0 -1 _ ¢({) [sinhzf—1scos (rsinhy) sin (rgsinhé)
A9x) f dﬁ fdt é(a) coshnf-18 —cosh b1
-0~ 00
_ sinhzf—1 {sin (rsinh n) cos (rysinh )
coshnf—18 —coshmf—-1¢ "'

According to the remark made in the previous section this expression
may be simplified in the following way. If r, is replaced by —r, the
right-hand side of (5.9) represents & solution of (A — 1)f=0 satisfying the
boundary conditions which is regular in 4. By addition and subtraction
we obtain resp.

(5.10)\f1(r’ - mfd" f t 5

il
v

sinh 70—

( COS (T S,ll’lh ‘?7) SiIl (f?' 0 sinh ﬁ) W W
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and
_ L (g [ s 8@
(5.11) \ fal7, @) 50m f an f dt 0e)
8 sin (7 sinh #) cos (r, sinh 7) m

The former expression gives Green’s function in the case y, <v,. The
latter expression gives a function of Green in the case y; > y,. This function
1s not unique but (5.11) represents that Green’s function that vanishes
at r=0. Both expressions (5.10) and (5.11) are clearly convergent with
respect to #n and {. Using the fact that {¢({)}~' is obtained from
() by changing the signs of both y, and y, we notice the symmetry
between (5.10) and (5.11) which are transformed into each other by

Ts @5 V1> Y2 Yo, P, — V15 — Ya-
Hence we have proved:

Theorem 5. Let f(r, ¢) satisfy the conditions of Theorem 1, the
boundary conditions (1.3) and let f(r, @) — (27)~1K(|z—2,|) be bounded in A4.
Then, if y, <y, f(r, @) is uniquely determined and may be represented
by (5.10). If y; >v,, f(r, ) is not uniquely determined. However, under

the condition of vanishing at the vertex r=0, it is unique and may be
represented by (5.11).

With due observance of this supplementary condition the following
skew symmetry relation holds

f(r, @, Tor Pos V1> Vo) = [(Tos @o> 7> @, — V1> — Va)-

§ 6. Appendix

In this section a general class of functions £, will be considered from
which the function e({, ) which is used in section 3, and which for a
given constant 6 satisfies the functional relation

(6.1) ' e(c+0,y) _ cosh(Z+iy)
. | e(£ —10,y) - cosh ({ —2y)’

may be derived by specialization.
We define for £=0

(6.2) AL (po pk) g:-e__f% J’ 7t sinh p; ¢

9'0:« v ooy Qk 0 Sinhgit

for any set (p;, q;) for which the integral converges. With small loss of
generality we may assume that all Re g; are positive. We define

(6.3) u = min Re ¢; > 0.

Moreover the A ; are invariant under arbitrary permutations of the p;
as well as of the g;. 1f one of the p; equals one of the g;, say p,=¢;, we
have obviously a reduction of the following kind

Pos-++> Pr—15% Po> -+ Pr—1
(6.4) /\k( ) = /\k___1< )

Qo> ---> qx—1> % Qo> > Lx—1
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As yet the A, are defined under the restriction

k k
(6.5) > |Re p;| < 2 Reg;.
0 0
However, the region of definition can be extended by expansion of the
o0 OO
integrand of 6.2 into exponentials, putting 4 | = |.
— XD 0
Introducing the abbreviations
k
def
\ PE - Pe,,.....skm 8?'29)'
_ 0

(6.6)

k

._ def
} Q% = Qm.,..,nk: (27&)—{- I)QJ

0

%

where n,, ..., n, run independently through the non-negative integers,
and g, ..., & through the pair —1, -+1, we have

\ Qk'{*lnsillh p? e z H 8:’- eXp Pst
(6-7) 0 & O

k
/ 2-—-—7{! o | H (Sin:h_ q:i t)""l —— Z exp """'Qn t:

whence 8)

B Pos - Py )
(6.8) Ak( ’ k) == E E(anpa) IHSQ“

-y o 9'0: st Qk n &
Sinece

>(IIe) - Pi=0forl=0,1,...k 3@, —P,) *T]e¢ is (D n;)~*2)

at infinity, so that the multiple sum on the right-hand side of 6.8 is
absolutely convergent as soon as no denominator vanishes. Thus 6.8

gives the continuation of 6.2 where the latter does not exist.
Further we define for £=0 '

_‘ (25D Pr\ ge : Dy Dyy -y D
s 5 (32w [ () ]
g * Qo>915 -5 I P 6‘. & Qo> 91> <+ +: 9 P
so that — A, is the logarithmic derivative of E,(p,). Evidently

23 Py eens > . |
Qo>915 ---> 9 '

for those z for which the right-hand side exists.
k k
If x= S Reg,— 2 |Rep;|>0 then 6.10 holds in the strip |Re z| <.
0 1

From 6.8 we obtain the continuation

_g ‘ | Z: p]_: “voey pk 2 II* g
6.11 E( )m sl I
( ) ‘ Q0> 91; -- -5 I I;:[ I;[ [ (@n mPﬂ)z]

where now ¢; runs through E1s +vns Epe

k k
°) In what follows J] is an abbreviation for II and JT* for TT.

j=0 j=1
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The points z=+(Q,— P,) are poles if J[* e;=—1, zeros if [[*¢= + 1.
We note the particular cases

P\ n, ap
arll
Z o9 9
6.13 E — kg LA
( ) °<q) 008 5 3;[0 (1 (2n+1)2q2).

From 6.2 the following difference equation may be obtained

p0+QO:p15“':pk po"“Qo:pla'“apk
M\ g du - q) | F\g q B
(6.14) 2 0 y 41> » 1k 0 s Q15 -+ o5 Qe

| (270‘1-291, Pa; ---»pk) (po““’plapza ---afpi.:)
= N -1 — N k=1 _
QI > Qo5 o o5 gl :Q’zs--*:‘_’/k

According to the principle of continuation this holds everywhere with
the exception of an enumerable set.

Similarly
z+ ; 9 * o o q 2 —— ; R
g B, (q do; Py ;pk) / E’k( 4o’ P pk) )
(615) ' 0 > 915 -+ -5 9r 9o » Q15 <5 Qe
z+ ; y oy & ; 1]
2 _ Ekﬂ( P15 P2 pk)/Ek_q ( P1; P2 p,c)‘
11 > Q20 -5 I 91 » Qo> -5 Qg

Taking in particular k=1, ¢,=34x we obtain in view of 6.13

-+ ’ - £
(6.16) b, (z 7 q’ :ﬂ)/lf]l (z " q’ ;;) = €08 (2 + p)/cos (z — p)

which is the identity underlying 6.1. We need only take

(6.17)  e(zy) & B, (“;zi ;z)

If Im(q,/q,) %0, E,(z) is the quotient of two products of two double
gamma functions each, having their poles in opposite angles, viz.
z=@+p and z=—¢ —7p for the numerator, z=—p and z=—-+p
for the denominator.

Hence the pattern of poles of the numerator is obtained from that
of the denominator by translations over + 2p. In our application 6.17
¢,/9, is real and positive. Then the pattern of poles of e(z, y) degenerates
into countable sets on lines parallel to the imaginary axis viz.

where m, n run through odd positive integers.
We further need some knowledge of the asymptotic behaviour of K,
for n=Im z — + oco. We first consider E, in the strip of convergence
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|Re z| << » of the integral representation 6.10 only. Then it is easily seen
that E,=0(|n]) for  — + oo, and, more precisely, that

+21; Py -+ Pr

&
6.18 lim 'In K, (
( ) ln' * \ QO 391:---> Qk

|77]—>00

) = 4= TT*p/IT4;

We restrict z to the strip |Re z| <’ £ min (Re p,, %) where p, is some
constant with Re p,> 0. Then it follows from 6.18 and the corresponding
relation for £=0 that

6.19 In & ( — Piln E = O :
( ) * ° .91 --- G I;'[ q; 0 Po (IU!)

Actually it has a limit for |#| — oo which can easily be determined as
follows.
The left-hand side of 6.19 equals —3 [ {cosh (&§+wn)t —1}g(t)dt if we

define

k k
def 1 sinh p;t Dj
(6.20) g(t) = tsinh Pyt { I(;[ sinh g; ¢ I;I -g}-;-}

Since g(f) 18 regular in the strip [Im ¢| <A where

1 2 min (Re-——- Req,-) 9 =0,...,k,

Po
we have
(6.21) [ cosh (& +in)tg(t)dt = O0(e~*M) for any A’ < A.

Thus we have proved

Theorem 6. If £t=0, min {Re Do, Re gy, Re gy, ..., Re ¢} >0,

then for |Re 2| <min (Re p,, ¥) and |Im 2| — oo,
Z;pl,...,jpk k | &
‘ Qo> 915 -++> Ix Ic;[q Po

% _k_ (sinhp;t dt ,
% J‘ H {Sm Pj pa} - + O(e-l IIsz)

—_—00 0 Slnh q:’ 9‘9

where
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